JOURNAL OF APPROXIMATION THEORY 9, 357-366 (1973)

On Transforming a Tchebyshev-System into a Markov-System
ROLAND ZIELKE

Lehrstuhbl fiir Biomathematik, Universitdt Tiibingen, 7400 Tiibingen, West Germany
Communicated by G. Meinardus

Received October 25, 1971

1. INTRODUCTION

Let f1,.... f, be real-valued functions defined on a set M. f; ,..., f, form
a T-system (Tchebyshev-system) iff every nontrivial linear combination of
them has at most n — | zeros. fi,...,f, form a Markov-system (called a
“complete 7-system” by Karlin and Studden [2]) iff £, ..., f; form a T-system
for i = 1,..., n. The linear hull of a T-system will be called a T-space. An
n-dimensional 7-space R has a basis that is a Markov-system iff there exist
i-dimensional T-spaces U;, 7 = 1,...,n, with U; CU,C--C U, = R.

Rutman [5] quotes the following theorem of Krein: If M is an open
interval and R C C(M) is an n-dimensional 7-space, then R has a Markov-
basis. We shall show that this proposition holds if only the following condi-
tions are fulfilled:

(1) M is totally ordered, contains no smallest or greatest element,
and for every two distinct elements of M there is an element between them.

(2) For every function f in the T-space there are at most # points
ty ,ee, tn in M with ¢, << -+ < ¢, such that f changes sign in each of them.

In Section 2 basic properties of 7-spaces are listed, and a generalization
of a theorem of Nemeth [4] is proved.

Restriction to totally ordered domains in Section 3 allows the definition
of “alternations”; also some results about T-spaces with certain alternation
properties are derived.

After the proof of our main theorem in Section 4 we list examples of
T-spaces that do not have a Markov-basis. It should be mentioned that no
such example is known forn = 4, 6, 8,...; forn = 5, 7, 9,... the only examples
known consist of periodic functions.

In Section 5 we give a short proof of Mairhuber’s theorem which simplifies
the proof given by Schoenberg and Yang [6]. Most proofs in this paper are
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based on alternation properties of functions in a T-space and seem to be
simpler than proofs using determinants.

2. DEFINITIONS AND BASIC PROPERTIES

Let M be a nonempty set and R™ the linear space of real-valued functions
defined on M. An n-dimensional linear subspace R of R™ is called a 7-space
(Tchebyshev-space) iff every f'e R with n or more zeros vanishes identically.

Let R* the space of linear functionals on R and M* C R* the set of all
linear functionals t* for which there is a te M with t*(f) = f(¢) for all
fe R, ie., M* is the set of the point functionals on R.

For a set N C M we define the projection Exy™: RM — RN by EM(f) = f|n
for all fe RM.

We omit the proof of the following lemma, which is fairly obvious.

LemMa 1. Let RCRM be an n-dimensional linear space, n > 1. Then
the following properties are equivalent:

(a) R is an n-dimensional T-space on M.

(b) For every subset N of M with n elements E*(R) is an n-dimensional
T-space on N.

(© If u*,...,t,* € M* are pairwise different, they are linearly inde-
pendent.

(d) For every basis f, ..., f» of R and every set t, ..., t, € M of pairwise
distinct points we have det(fi(¢t;),.. = 0.

(e If t,..,t, €M are pairwise distinct, and a ,..., o, € R, there is
exactly one fe R with f(t,) = a; for i = 1,.., n.

For an n-dimensional T-space on a set M we denote by Z, the set of all

f€ R\{0} with at least k zeros, k = 1,..., .

THEOREM 1. Let R be an n-dimensional T-space on a set M, and
n = k = 0. Then the following statements are equivalent:

(a) R contains an (n — k)-dimensional T-space on M.

(b) R* contains a k-dimensional linear subspace W such that for each
fEZ, , there is a t* € W with t*(f) 0.

Proof. (a) = (b). Let UC R be an (n — k)-dimensional T-space on M
and W ;= U+ Wis a k-dimensional linear space. Aswehave Z, , N U = &,
it follows that for every fe Z,_, there is a t* € W with t*(f) # 0.
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(b) = (a). Let U:= W*={feR|t*(f) =0 for all t*e W}. U is an
(n — k)-dimensional T-space on M because of Z,,_, N U = ©.

As a special case of Theorem ! we get a result of Nemeth [4].

CoROLLARY 1. Let R be an n-dimensional T-space on a set M, and n > 1.
Then the following statements are equivalent:

(a) R contains an (n — 1)-dimensional T-space on M.

(b) There is a point u ¢ M and an n-dimensional T-space S on M U {u}
such that EM¥V03(S) = R.

Proof. Forn = 1(a) and (b) are always true. Let n > 2. By Theorem 1(a)
is equivalent to the existence of a one-dimensional subspace W C R* such
that for all fe Z,,_, there is a t* € W with t*(f) 5= 0. Hence, (a) is equivalent
to the existence of a € R such that for all fe Z,_t*(f) # 0. As there is
a one-to-one correspondence between M and M* for n > 2, and 1* ¢ M*,
the equivalence with (b) follows by setting f(u) = t*(f).

Remark. It is easy to see that under the hypotheses of Corollary 1, if
fiseesfn is @ basis of R, and ¢: M — R* is the mapping defined by
(1) = (f1(1),.., [(2)), (a) and (b) are equivalent to the following statement:

(c) There is an x € R” such that every (» — 1)-dimensional hyperplane
through x and 0 intersects ¢(M) in at most » — 2 points (see Hadeler [1]).

3. ToraLLy ORDERED DOMAINS
In the following we assume M to be totally ordered by “ <.

DerINITION, Let fe R™, and #, ..., t,e M with t; < - < 1.

(@ t,.,1 form a strong alternation of f of length k iff either
{(—=1)f(t;) >0fori=1,..,kor(—1)yf(t)<Ofori=1,.,k

(b) t,.... 1 form a weak alternation of f of length k iff either
(=1Df@)=0fori=1,..,kor(—1)Yf(t)<Ofori=1,., k.

LEmMMA 2. Let M be totally ordered, and R C RM™ an n-dimensional linear
space, n 2= 1. Then the following statements are equivalent:

@) If fisnfn is a basis of R, then either det(f (t))n., > 0 for all
Yy ta €M with t; < - < t,, or det(fi(t;)p., <O for all t,,...t,e M
witht; < -+ <t,.
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(b) Risa T-space on M, and for arbitrary f € R every strong alternation
of f has length less or equal n.

(¢) Risa T-space on M, and for arbitrary f < R\{0} every weak alterna-
tion of f has a length less or equal n.

Proof. (c) = (a). Let f;,...,f, be a basis of R. By Lemma 1 we have
det(fi(t)p,n = 0 for all #,.,t,e M with 1, < --- <t¢,. Suppose that
there are points u; ..., 4, , Uy ,..., 0, €M With 1 <+ <u,, v, < - <,
and sign det(f{u;)),.. = —sign det(f;(v;)))nn = 1. Let W= {uy,..., u,} U
{vy ..., v} and wy,..., w, the first » points of W with respect to ordering.
Successively replacing u; by w,, then u, by w,, and so on until replacing
u, by w, , and then w, by v, , w,_; by v,,_; , and so on until finally replacing
w, by v, , we obtain a sequence of 2n — 1 sets each of which contains » points
and differs from its neighbors in at most one point. Considering the sign of
the determinants corresponding to each element of the sequence, it becomes
apparent that without loss of generality we may assume that u ,..., », and
Uy 5..., Uy differ by one point only, for instance u; < v; for a fixed / and
uy,=v,fork=1,.,i—1,i + 1,..., n Let g € R be defined by

t) = det(
g( ) U "t Ujq s ta Uiy " Uy

Al o Al AO A fi)
fult) o fulte) FiO Fulte) 0 Fulin)

g has zeros in 4y ,..., 4;_y , Uity ..., U, and opposite sign in u; and v,;. So
Uy geeey Uy 5 Uy 5 Usq »-vey Uy 18 @ Weak alternation of g of length » + 1.

(a) = (b). Obviously R is a T-space. Suppose that there are fe R and
By yeees b1 € M with £, < --- <2, and (— 1) f(z) <Ofori=1,.,n+ L.
Let fi,....f, be a basis of R, As det(f{u;)).., has constant sign for all
Uy 5oy Up € M With uy < +-- < u,, , we have

f - ft)
det (f hoo fn)= fl(:tl) v Siltnia)

SRR ST : :
fn(tl) fn(tn-M)

n+l fl fn

= Y @i det(, # 0,

i1 lipn *"" tn+1)

and £, f1 ,..., f,, are linearly independent in contradiction to dim R = #.
(b) = (c). Suppose that there are fe R\{0} and #,,...,t,,€M with
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t, < Lty and (1) f(t) >0 for i=1,.,n+4 1. As R is a T-space,
thereisa k, 1 <k <n -+ 1, with (=1)*f(£,) > 0.

Let ge R with g(t;)) = (—1ifori=1,...k — 1,k + 1,..,n + 1. For all
a > 0 wehave (—1) [(f+ ag)t;)] > 0fori=1,..,k— 1L k4 1,.,0+1,
and there is a 8 > 0 with (— 1)* [(f + Bg)(#)] > 0. So 1y ,..., 1,4 is a strong
alternation of f + Bg of length n -+ 1.

DEFINITION.  Let M be totally ordered, and let R C R™ an n-dimensional
linear space. If R has one (and, hence, all) of the properties (a), (b), or (c),
R is called an oriented 7-space.

LemMma 3. Let M be totally ordered and R C RM an n-dimensional oriented
T-space on M, and fe Z,,_; with zeros t; <+ <t,_;.

(@) All point sets sy ,..., 5, € Mwiths; <t, <8y <ty < <loy K8y
or sy Kty << Sy Kty < 0 Kty < 8, form weak alternations of f of length n.

(b) Allpoint sets s, ..., Sp € Mwithsy <t; <5, <ty < <t,; <8,
form strong alternarions of f of length n.

Proof. (a) Without loss of generality assume s; < #; <85, <l < - <
too1 < s, and f(s)) > 0. If there were an / with (—1) f(s;) > 0, the points
8151y seees Licg s Si s by sy 1nq Would form a strong alternation of f of length
n-+ 1.

(b) By (a) we know that all point sets s, ,..., s, € M with 5; < #; <5, <
ty << -r <ty <S5, form weak alternations of f of length n. If we had
f(s;) = 0 for some j, f had n zeros in contradiction to fe Z,,_; .

DEerINITION.  Let R be an n-dimensional oriented T-space on a totally
ordered set M. By A we denote the set of all fe R which have a strong
alternation of length n.

DermuTION. A totally ordered set M has property (D) if for all te M
there are points u, ve M with u << ¢ < v, and for all x, ye M with x <y
thereisa ze M with x < z < y.

As an immediate consequence of Lemma 3 we get the following lemma.

Lemma 4. If M is a totally ordered set with property (D) and R is an
n-dimensional oriented T-space on M, Z,, _, is a subset of A.

640/9/4-5
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4. (n — 1)-DIMENSIONAL SUBSPACES

In a finite-dimensional linear space all norms generate the same topology.
In the following let the n-dimensional space R be endowed with this topology.

LemMA 5. Let M be totally ordered and R an n-dimensional T-space on M.
Then for every f € A (A being the set of all functions in R with a strong alterna-
tion of length n) there is an open neighborhood N(f) of f with N(f) C A.

Proof. Let fe A have a strong alternation in #, < -+ < t,, and define
a = min | f(¢;)|. If|| || denotes the maximum norm on {t, ,..., f,} in R, then
for every g € R with || g|| < « the points 1, ,..., t, form a strong alternation
of f — g, and, thus, f — g€ A.

For the proof of our main theorem we need the following result from
linear algebra.

LEMMA 6. Let R be an n-dimensional linear space, I a totally ordered
index set, and F = {B;CR\icl} an antitone family of closed sets with
B, C B, for all i, je I with i > j, and for every i let B; contain a linear space
U; of dimension k. Then B := ({B;|ic€l} contains a k-dimensional linear
space.

Proof. The statement is trivial for finite 1. If / is infinite, let R be endowed
with an inner product, and for every i € I, let el,..., e;* be an orthonormal
basis of U;. Now consider the k-fold Cartesian product R X --- X R. The
set N:={(el,...,e)e R X - x R|iel} is bounded, and we have
(el,...,e)e B; X -~ X B;forall i, je I with i > j. Since

Si={x1,0 X)) ERX = X R[[I x| = - =[x || = 1}

is compact, N has a cluster point (el,..., ¢*) € S, and since B; X *-* X B; is
closed for every i, we have (e.,..., ¥} € B; X --- X B;for allie I So we have
(..., e")e B X - X B or él,...,e¥ e B. It is easy to see that el,..., e* are
pairwise orthogonal and that span{e,..., ¢*} lies in B.

THEOREM 2. Let M be totally ordered and have property (D), and R an
n-dimensional oriented T-space on M, n > 1. Then R contains a (n — 1)-
dimensional oriented T-subspace on M.

Proof. For t € M we define

M,:={ueM|u <t}

A; := {f€ R| f|u, has a strong alternation of length n},
B, := R\A,,

U= {feRIf(t) =0}
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Since M,C M, for s <t and Y{M,;|te M} = M, we have 4,C A4, for
s<tand J{4,|teM}= A, and thus B,C B, for s > ¢. By Lemma 5
the A, are open; so the B, are closed. If an fe U, had a strong alternation
of length » on M, , f would have a weak alternation of lengthn + 1 on M
in contradiction to the hypothesis that R is oriented. So we have U, C B, for
allre M.

As the U, are (n — 1)-dimensional linear spaces, the hypotheses of Lemma 6
are fulfilled; thus, B = R\A4 contains an (# — 1)-dimensional space U, and
UNnA=g.

As R is oriented and M has property (D), by Lemma 4 we have Z,_; C 4,
and so UN Z,_, == @. Then U is an (n — 1)-dimensional oriented T-space
on M, for no f e U\{0} has more than n — 2 zeros or an alternation of length
greater n — 1.

Repeated application of Theorem 2 yields the following corollary.

COROLLARY 2. Let M be totally ordered and have property (D), R an
n-dimensional oriented T-space on M, and n > 1. Then for i = 1,..., n there
exist i-dimensional oriented T-spaces with U, C U, C ---C U, = R.

We now give some examples of n-dimensional oriented T-spaces that do
not contain T-subspaces of dimension n — 1.

(1) All T-spaces of continuous 2m-periodic functions on the half-open
interval [0, 27) have odd dimension.

Proof. If R is such a T-space, let fe Z,_, with zeros #; < - <t,,,
0 <y, t,.y <2m From Lemma 3 we see that f changes sign in each of
the ¢.’s. So for sufficiently small ¢ > 0 we have

sign f(t, — €) = sign f(t,_1 + €) = (—1)"sign f(t, — ),

and n has to be odd.

(2) Let fi(t) = sint, fy(f) = cost for t € M = [0, 7). Then
R := span{f, , f>} contains no one-dimensional 7-subspace.

(3 Let fir)=1, fi(t) =tsint, fy(t)=1tcost for te M = [0, n].
Then R := span{f; , f; ,fs} is an oriented T-space on [0, =] which contains
no two-dimensional T-space.

Proof. (@) R is a T-space. Every fe R can be written f(t) =
o - Bt sin(t — p) with suitable «, 8 € R, § = 0, and a phase shift p € [0, 27).
If o« = 0 = B, f has exactly two zeros in [0, 7] because sin(z — p) has exactly
one zero in (0, #]. If o« 5% 0, f(¢) = 0 is equivalent to 1/t = (B/«) sin(t — p).
As 1/t is positive and convex on (0, 7}, and the positive part of (8/x) sin(t — p)
is concave on (0, 7], there can be at most two zeros of fin (0, #].
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(b) R contains no two-dimensional T-space on M. By Theorem 1 it is
sufficient to show that for each i* € R* there is an fe Z, with r*(f) = 0.
Let ¢t* € R* with t*(f;)) = o;, i = 1,2, 3. For a, = 0 the statement is true
because of f€Z,. For ay#0 we have t*(azf; — anfs) =0, and
(o fo — o fo)(t) = t{ag sin(t) — a, cos ) has a zero in 0 and another one
in (0, 7].

Infinitely many examples of three-dimensional oriented 7-spaces that
contain no two-dimensional subspaces can be obtained by means of the
remark at the end of Section 2: If £, , /3 , /5 is a basis of a three-dimensional
oriented T-space, and f; = 1, the problem is reduced to finding a curve
in R? such that for all x € R? there is a line through x which intersects the
curve in two points.

In Examples 1, 2, and 3, Theorem 2 is not applicable because M does not
have property (D). The point is that if M fails to have property (D), Lemma 4
need not hold, and, indeed, in all examples we have Z,_, ¢ 4.

If M has property (D), but R is not oriented, Theorem 2 does not hold
either, as is shown by the following example which is obtained from
Example 2 by ordering M in a different way.

(4) Let M = (0, n) and R = span{f, g} with

(Sﬁﬁ) for teM{ljnjneN},
(g) ) = (é) for t=1,
(sin 11//((,:' _ 3) for t=1/n, n=23...

5. A SIMPLE PROOF OF MAIRHUBER'S THEOREM

THEOREM 3 (Mairhuber). Let M be a compact Hausdorff-space and
RC C(M) an n-dimensional T-space, and n = 2. Then M is homeomorphic
to a topological subspace of the unit circle S,

Proof. n=2. Iff, gis a basis of R, the function # = M — S defined
by

_ £ 8(t)
w0 = (70 1 FOF® 0 + SR

is a homeomorphism, for 7 is continuous and injective, and as M is a compact
Hausdorft-space, A1 is also continuous.



TRANSFORMATION OF TCHEBYSHEV-SYSTEMS 365

n— 1 =n. For every ze M we consider the restriction EI{‘}\{,}(R) of R
to M\{z}. Because of Corollary 1 EI{‘}\{Z}(R) contains an (# — 1)-dimensional
T-subspace. From the induction hypothesis we conclude that for every
nonempty open subset U of M, the set M\U is homeomorphic to a subset
of S*. If for such a U the set M\U were homeomorphic to all of S, Exf, ,(R)
were an n-dimensional T-space over M\U containing an (n — 1)-dimensional
T-space, which is impossible by Example 1 above. So for every nonempty
open set UC M the set M\U is homeomorphic to a proper subset of S?,
respectively, to a subset of R. If M is not connected, i.e., there are two open,
nonempty sets 4, BC M withANB= o and 4 U B = M, then B= M\A
is homeomorphic to a proper closed subset of R, and the same holds for
A = M\B and so for M as well.

Now let M be connected. As M is compact, it contains a proper subset L
which is connected and compact and is not a point (see, e.g., [3, p. 213]).
So L is homeomorphic to a closed interval and contains an open curve with
endpoints ¢ and b. M\K is again homeomorphic to a subset of R. We distin-
guish two cases:

(1) If M\Kis connected, it is a curve containing a and b. So M contains
a closed curve 0. If 0 were not equal to M, U := M\@ were a nonempty set
open in M, and ¢ were homeomorphic to a proper subset of R and could
not be a closed curve. So we have ¢ = M.

(2) If M\K is not connected, there are two nonempty closed sets
A, Be M\Kwith ANB= @ and AV B= M\K. Letaec A. If b were in 4,
too, KU A would be a closed set. As KU A and B are disjoint, and
(KU A)U B= M, M would be disconnected. So we have b € B. If 4 were
disconnected, i.e., there were two nonempty closed subsets C and D of A4
with CN D= @ and CND=A, let ae C. Then KU BU C would be
a closed set. As KU B U C and D are disjoint, and (KU BU C)u D= M,
M would be disconnected. So A4 as well as B is connected. Therefore, 4 and B
are simple curves closed in R. Let ¥ C K be an open curve with a,b¢ Y.
As M\Y is homeomorphic to a subset of R, it contains no tripod-like set.
So M = AU KU Bis asimple curve.
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